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Despite recent progress in nonlinear conversion in wavelength-scale resonators, there are still open
questions on the possibility of parametric down-conversion and oscillation in such resonators. The
existing theories have limitations in accurately predicting the behaviors of wavelength-scale nonlin-
ear resonators, especially where multiple resonances are involved. We present a general approach to
predict the behavior and estimate the oscillation threshold of multi-mode wavelength-scale optical
parametric oscillators (OPOs). As an example, we propose an OPO based on Mie-type multipo-
lar resonances, and we demonstrate that due to the nonlinear interaction between the multipolar
modes, the OPO threshold, compared to the single-mode case, can be reduced by a factor which
is significantly larger than the number of interacting modes. We compare the threshold for elec-
tric and magnetic mode excitations to emphasise the importance of the field overlap, the phase
matching counterpart in wavelength-scale resonators. We establish an explicit connection between
the second-harmonic generation efficiency and the OPO threshold. This allows us to estimate the
OPO threshold based on measured or simulated second-harmonic generation in different class of
resonators, such as bound-state in the continuum and inversely designed resonators. Our approach
for analyzing and modeling miniaturized OPOs can open unprecedented opportunities for classical
and quantum nonlinear photonics.
I. INTRODUCTION
Optical parametric oscillators (OPOs) have been
widely used for may applications ranging from metrol-
ogy and spectroscopy to quantum information science
[1–9]. OPOs consist of a medium with quadratic or Kerr
nonlinearity within a resonator, which is typically much
larger than the operation wavelength, converting pump
photons to signal and idler photons [2–7]. At degener-
acy, the indistinguishable signal and idler of an OPO
can form a squeezed vacuum state below the oscillation
threshold [10, 11] that have been used for several ap-
plications in quantum information processing [9, 12–14].
Above threshold, the conversion efficiency boosts rapidly
and the output signal illustrates a binary phase state
which can be utilized as a spin in an artificial Ising net-
work [15, 16]. Above-threshold degenerate OPOs have
also been effectively used for generation of mid-IR fre-
quency combs [4, 8].
Miniaturizing OPOs has been highly desired for many
applications with recent progress in on-chip OPOs based
on Kerr [5, 6] and quadratic [17] nonlinearities as well as
whispering-gallery resonators [18]. The size of these res-
onators are still orders of magnitude larger than their
operation wavelengths. On the other hand, strong
field confinement inside nanostructures has shed light
on the possibility of nonlinear optics at nano-scale [19–
24]. However, the main focus so far has been devoted
to up-conversion in nanostructures and optical paramet-
ric oscillation in wavelength-scale structures is still un-
explored. The conventional theories which have mostly
been developed for travelling wave nonlinear optical sys-
tems cannot be directly applied to accurately model
∗ marandi@caltech.edu
OPOs in nano-structures. The reason is that the spa-
tial variation of the field happens in sub-wavelength scale
where slowly-varying envelope approximation (SVEA) is
not valid anymore [25]. Moreover, unlike the conven-
tional large-scale OPOs, in nano-structured resonators,
the input pump can excite several modes of the cavity
at the pump wavelength and it can also directly interact
with several modes at the signal wavelength. Few theo-
retical models have been proposed recently to explain the
spontaneous down-conversion in Mie resonators [26] and
the threshold in 2D materials-based OPOs [27]. How-
ever, these theories are either limited to specific struc-
tures or cannot explain the behavior of the system above
the threshold.
Here, we derive general conditions to surpass the
threshold in wavelength-scale OPOs operating at degen-
eracy. We show that due to the nonlinear interaction be-
tween the pump and the signal modes, the field envelopes
slowly evolve/decay in time. In the low-Q regime of
wavelength-scale resonators, multiple modes at the signal
wavelength can spectrally and spatially overlap (Fig. 1).
This allows them to nonlinearly interact with each other
through the pump. As an example, we estimate the
OPO threshold in an AlGaAs nanoparticle which sup-
ports Mie-type multipolar resonances. We show that the
multi-mode interaction at signal wavelength can lead to a
significant reduction in the threshold by a factor which is
remarkably higher than the number of modes. We com-
pare the electric modes versus the magnetic modes, and
we show that although the magnetic modes have a higher
Q factor, the field overlap can be stronger for the elec-
tric modes and as a result, the threshold can be lower
for those modes. We establish a connection between up-
conversion processes in nanostructures and parametric
down-conversion. This allows us to explore the possibility
of OPO in the existing structures which have been offered
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Figure 1. Wavelength-scale optical parametric oscilla-
tors (OPOs). a, An OPO with arbitrary geometry which
resonates around the pump frequency (2ω) and the half-
harmonic (ω). b, The nonlinear behavior of the OPO can
be determined by knowing the spatial overlap between the
pump excitation at 2ω and eigenmodes of the cavity at ω as
well as the linear properties of the cavity around the pump
and signal frequencies.
for sum-frequency/second-harmonic generation. Our ap-
proach is general and can predict optical parametric os-
cillation in a wide range of nanostructured resonators,
such as bound state in continuum, photonic crystal, and
inversely designed cavities.
II. THEORY
To estimate the OPO threshold in multi-mode
wavelength-scale resonators, we expand the field in cav-
ity to orthogonal eigenmodes (Fig. 1a), and we approxi-
mate the nonlinear dynamics of the electric field with a
slowly varying envelope evolving in time-domain (see the
Supplementary Material for more details). The electric
field for the signal, idler, and pump can be expanded
as the superposition of the eigenmodes as ~E(~r, t) =
Ea
∑
k ak(t)e
−i(ω−iαk2 )t|~ψk(~r)〉, where ak is the slowly
varying envelope [28–30], Ea is the normalization con-
stant such that |ak|2 is the energy stored in the kth
mode of the cavity, and for a homogeneous resonator,
it is Ea =
√
2/ε0n(ω)2, |~ψk(~r)〉 is the cavity eigenmode
normalized such that 〈~ψm(~r)~ψk(~r)〉 = δmk (δmk is the
Kronecker delta), ω is the angular frequency of the sig-
nal (ωs), idler (ωi) or pump (ωp), αk = ωk/Qk is the
decay rate of the cavity mode, ωk is the eigenfrequency
of the kth mode with a quality factor of Qk.
The wave equation for each of the signal eigenmodes
at degeneracy (ωs = ωi = ωp/2 = ω) is simplified to (see
the Supplementary Material):
d
dt
al =
(
iδω
(a)
l −
α
(a)
l
2
)
al + ib
∑
k
ηlka
∗
k, (1)
where a and b represent signal and pump, respectively
and ηlk is the nonlinear coupling between the l
th mode
and the kth mode as:
ηlk = ω〈
Ebχ(2)
n(ω)2
~ψ
(a)∗
l (~r)
~Ψ(b)(~r)~ψ
(a)∗
k (~r)〉. (2)
Note that the pump mode, b(t)|~Ψ(b)(~r)〉, is the superpo-
sition of the eigenmodes which is dictated by the input
excitation. However, the signal has to be expanded to
the normal modes (See the Supplementary Material).
The steady-state response of this equation can be writ-
ten in a matrix form as:
M(b) [a1, a∗1, ..., ak, a∗k, ...]
T
= 0. (3)
At threshold, the determinant of the matrixM must be
zero to have non-trivial solution for the signal modes.
The electric field above threshold can be expressed as a
superposition of the eigenmodes as:
~Eω(~r, t) =
∑
m
eλmt
∑
k
a
(a)
k,m|~ψ
(a)
k (~r)〉, (4)
where [λm] are the eigenvalues and ~Vm = [a
(a)
k,m] are the
corresponding eigenvectors ofM at threshold which de-
fine the signal supermodes. Note that the eigenvalues
above threshold must be real to satisfy the phase con-
jugation in Eq. 1. The minimum pump power to reach
this condition defines the oscillation threshold. See the
Supplementary Material for more details.
III. RESULTS
Our model is general and can be applied to a wide
range of resonators. First, we apply our model to esti-
mate the threshold in an AlGaAs sphere (Fig. 2a). The
reason that we have chosen this simple structure is that
the eigenmodes for this structure can be derived analyti-
cally and be expressed as multipolar resonances [31, 32].
Since the modes for a wide range of nano-structures, such
as cylinders and cubes, can be expressed as multipolar
resonances as well, our results can shed some light on
the possibility of OPO in similar structures which are
more amenable to fabrication on a chip [33–40]. Besides,
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Figure 2. OPO in a nanoscale dielectric sphere. a, The
resonator is composed of a AlGaAs spherical particle with a
radius of 500 nm. A pump with a wavelength around the
particle size can excite the multipolar modes of the particle.
The signal at half-harmonic is the superposition of the lower
order modes: electric dipole (ED), electric quadrupole (EQ),
magnetic dipole (MD), and magnetic quadrupole (MQ). b,
Normalized scattering amplitude of the electric and magnetic
modes. It is seen that for a broad portion of the spectrum,
the particle supports multiple modes which spatially and spec-
trally overlap. c, The normalized x component of the electric
field for the first two electric and the first two magnetic eigen-
modes. If the pump wavelength is around 1 µm, the OPO
signal can be the superposition of these four modes.
AlGaAs is a low-loss high-index (ε ≈ 10) material at
optical frequencies with strong second-order nonlinearity
(χ
(2)
ijk = 200 pm/V, i 6= j 6= k) [41], and with appro-
priate orientation [42], it has been recently explored for
strong second-harmonic generation at nanoscale [19, 38–
41]. Hence, it is an excellent candidate for demonstration
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Figure 3. Degenerate OPO in a dielectric sphere when
the pump is resonating. a, The electric field profile at
pump wavelength normalized to the input field amplitude.
We set the pump wavelength to resonate at the 5th mag-
netic mode for the particle shown in Fig. 2. The Q-factor for
this mode is around 3000. This leads to an enhancement in
the electric field intensity inside the particle. b, det(M/ω)
as a function of the pump power. The pump threshold for
parametric oscillation of each supermode at half-harmonic
(λ = 2562 nm) is defined as the zeros of det(M). Since
four eigenmodes can be excited at half-harmonic, there are
four eigenvalues and four corresponding suppermodes. c, The
electric field profile of the signal supermodes. It is seen that
even though the detuning for MQ mode at half-harmonic is
significantly larger compared to ED and MD modes, the con-
tribution of MQ mode on the first signal supermode is more
evident. This is due to the stronger overlap between the pump
mode and the MQ mode. The strong nonlinear coupling be-
tween the signal eigenmodes helps to reduce the threshold 50
times compared to the case where we consider only one of the
modes for the signal.
of OPO at wavelength-scale with relatively low threshold.
Figure 2b illustrates the normalized scattering coeffi-
cients for the first 6 electric and magnetic modes of a
particle with a radius of 500 nm. We set the pump wave-
length near the particle size (≈1 µm). If the particle is
excited with a plane wave (or a Gaussian beam), sev-
eral multipolar modes are excited. However, near the
resonant wavelength of the higher order modes, due to
the high-Q nature of the modes, the excitation is mostly
dominated by one mode. At half-harmonic, only the first
two electric and the first two magnetic modes can oscil-
late. The electric field profile of these four modes are
illustrated in Fig. 2c. The contribution of each mode in
the OPO signal supermode is dictated by the field overlap
between the pump and the mode as well as the intermode
nonlinear coupling as expressed in Eq. 2, the Q factor,
and the detuning from the half-harmonic frequency.
The magnetic modes usually have a higher Q factor
compared to the electric modes, and they have been
mostly explored for nonlinear wavelength conversion in
wavelength-scale dielectric resonators [35]. Hence, we set
4
y
z
0
100
|E
  | x
b Pump (λ= 1110 nm)
1100 1110 1120 1130 1140 1150
Wavelength (nm)
103
105
Th
re
sh
ol
d 
po
w
er
 (W
)
107
y
z
0
max
|E
  | x
Signal (1st mode)
y
z
0
25
|E
  | x
c Pump (λ= 1125 nm)
y
z
0
max
|E
  | x
Signal (1st mode)
a
Figure 4. Magnetic modes versus the electric modes for degenerate OPO. a, The OPO threshold as a function of
the pump wavelength. The dips in threshold around 1110 nm and 1125 nm correspond to the 6th magnetic mode and the
5th electric mode, respectively. The Q factor for these modes are 104 and 2500, respectively. It is seen that even though the
electric mode has a lower Q factor, the threshold is considerably lower. b, The electric field distribution for the pump and
the first signal supermode when the pump is at λ = 1110 nm. Due to the large Q, the electric field is remarkably enhanced,
but the weak field overlap between the pump and the signal eigenmodes results in a very high threshold. c, The electric field
distribution for the pump and the first signal supermode when the pump is at λ = 1125 nm. Because of the strong overlap
between the pump and the EQ the threshold is highly reduced.
the wavelength of the pump to coincide with the 5th mag-
netic mode of the particle. As a result, the field distri-
bution inside the particle is strongly enhanced and dom-
inated by the 5th magnetic mode as shown in Fig. 3a. As
seen in Fig. 2b, the signal at half-harmonic dominantly
overlaps with the MQ and the ED modes in the spectral
domain. The spatial overlap of the pump and the sig-
nal modes is represented in the nonlinear coupling term
reported in the Supplementary Material.
First, we ignore the intermode coupling and we assume
that only one of the eigenmodes can oscillate above the
threshold. It is seen that the spatial overlap between the
pump and ED, EQ, or MQ (the diagonal terms in ηlk
matrix) are relatively similar. However, because of the
higher Q and lower detuning for MQ mode, the threshold
for the MQ mode is the lowest which is 2.23 MW (see the
Supplementary Material for the threshold calculations of
the other modes and coupling coefficients).
However, when we take the intermode couplings into
account, the threshold of the first oscillating mode is re-
duced almost 50 times as shown in Fig. 3b. In travelling-
wave multi-mode OPOs, it is understood that, in the
best case scenario, the threshold is of the order of the
single-mode threshold divided by the number of modes
[43]. The reason is that the modes in travelling wave
resonators have the same nature. Thus, the maximum
overlap is achieved if all the modes have the same mode
profile [43, 44]. However, in wavelength-scale OPOs, each
of the multipolar modes have different spatial distribu-
tion, and their overlap through the pump field can poten-
tially lead to a strong coupling even higher than the self
coupling (the diagonal terms of ηlk). The electric field
distribution of the four oscillating supermodes are shown
in Fig. 3c. It is seen that the first oscillating mode is
mostly dominated by the MQ mode with some contribu-
tion from the other modes. The eigenvectors for all four
supermodes are reported in the Supplementary Material.
The OPO threshold is inversely proportional to the
Q factor of the pump mode if only one mode exists at
the pump frequency (see the Supplementary Material).
Hence, it is expected to reduce the threshold further by
exciting the higher order modes as the higher order mul-
tipolar modes have even higher Q factor. Figure 4a shows
the OPO threshold for the first supermode as a function
of the pump wavelength around the 6th magnetic mode
(λ = 1110 nm) with a Q factor of 104 and the 5th electric
mode (λ = 1125 nm) with a Q factor of 2500. It is seen
that even though the electric mode has a lower Q fac-
tor, the threshold is remarkably lower compared to the
adjacent magnetic mode. The electric field distribution
for the pump and the first signal supermode for the mag-
netic and electric mode excitations are shown in Fig. 4b
and 4c, respectively. It is seen that the electric field of
the magnetic field is significantly enhanced, however, the
relatively weak overlap between the pump and the sig-
nal eigenmodes has led to a higher threshold compared
to the electric mode for which there is a strong overlap
between the pump and the EQ mode.
The approach that we used for the calculation of the
threshold can also be applied to estimate the second-
harmonic generation in multi-mode wavelength-scale res-
onators (see the Supplementary Material for more de-
tails). Specifically, if both pump and signal are single
mode and the detuning from the eigenfrequencies is neg-
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Figure 5. Estimation of OPO threshold in various plat-
forms. The estimation of the threshold in a single-mode pho-
tonic crystal [45] and inversely designed cavities [46] are based
on the reported value for the SHG efficiency. The resonator
sizes are normalized to the pump wavelength. As a reference,
we have included OPOs demonstrated experimentally based
on microring [17] and whispering-gallery mode (WGM) [18]
resonators.
ligible, the OPO threshold, and the second-harmonic gen-
eration efficiency, εSHG, can be connected as:
Pth =
4α(a)
2
α(b)
2
εSHG
(
α(b)
2
4 + δω
(b)2
α(a)2
4 + δω
(a)2
)
≈ 4
εSHG
. (5)
As there is no threshold for SHG process and the con-
ventional detectors are more sensitive at shorter wave-
lengths [47], it is usually easier to simulate or measure the
SHG process. This allows us to estimate the OPO thresh-
old in some structures which have been already proposed
for SHG. Figure 5 displays few examples and the esti-
mated threshold in these structures. The low threshold
in inversely designed structure [46] shows the importance
of the field overlap to achieve strong nonlinear response.
Note that the thresholds reported in Fig. 5 is for a con-
tinuous wave sources.
Since the round-trip time in wavelength-scale OPOs
is only few femto-seconds and the Q factor compared to
micro-resonators is relatively low, the input pump can be
compressed in time into a short pulse. This can help to
reduce the threshold in wavelength-scale OPOs to several
tens of milliwatts (with a pulse repetition rate of 100
MHz), which is in the order of the threshold for free-space
pulsed OPOs [4, 8]. Hence, the oscillation can happen
before the onset of the material damage threshold. The
field overlap can be further enhanced by Mie resonance
engineering, inverse design [48], using hybrid plasmonic
structures [22], or controlling evanescent waves [49]. This
can potentially help to achieve sub-milliwatt oscillation
threshold in wavelength-scale resonators.
IV. CONCLUSION
In conclusion, we proposed a general theory to estimate
the threshold in wavelength-scale OPOs operating at de-
generacy. We showed that the nonlinear interaction in
multi-mode wavelength-scale resonators can be different
from their large-scale counterparts and the threshold can
be considerably reduced as a result of multimode inter-
action in these resonators. We showed that although the
phase matching is not required in this regime, the field
overlap between modes can play a more crucial role com-
pared to increasing the Q factor of the cavity modes. Our
formalism is general and can predict the behavior of OPO
above the threshold if the pump depletion is also taken
into account. It can also be applied to non-degenerate
OPOs or χ(3) cavities. Our approach can enable design
of a new class of nonlinear integrated photonic systems.
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WAVE EQUATIONS
The Helmholtz wave equation in presence of nonlinear
polarizability can be written as:
∇2 ~E = µ0
∂
∂t
(
∂ ~D
∂t
+ σ ~E
)
(6)
= µ0ε0ε
∂2 ~E
∂t2
+ µ0σ
∂ ~E
∂t
+ µ0
∂2 ~PNL
∂t2
,
where ε = n2 is the linear relative permittivity, n is the
refractive index, and PNL is the nonlinear polarization.
To find the nonlinear dynamic in wavelength-scale cavi-
ties, we write the electric field as a superposition of the
cavity eigenmodes. Instead of the conventional form of
spatial SVEA in which the envelope evolves as the wave
propagates through the nonlinear medium, we assume
that the envelope is stationary in space but slowly evolves
in time:
~E(~r, t) = Ea
∑
k
ak(t)e
−i(ω−iαk2 )t|~ψk(~r)〉, (7)
~PNL(~r, t) =
∑
k
~Pk(~r, t)e
−i(ω−iαk2 )t,
where Ea is the normalization constant such that |ak|2
is the energy stored in the k-th mode of the cavity, and
for a homogeneous resonator, it is Ea =
√
2/ε0n(ω)2,
~Pk is the nonlinear polarization that we explain later,
|~ψk(~r)〉 is the cavity eigenmode normalized such that
〈~ψm(~r)~ψk(~r)〉 = δmk (δmk is the Kronecker delta), ω
is the angular frequency of the signal, idler or pump,
αk = ωk/Qk is the decay rate of the cavity mode, ωk is
the eigenfrequency of the k-th mode with a quality factor
of Qk.
In the following, we first formulate the nonlinear dy-
namic for a single-mode OPO at degeneracy, and then
we expand the formalism to a multi-mode cavity.
By inserting Eq. 7 in to Eq. 6, considering the k-th
mode is the only mode at the operating frequency, we
have:
{∇2 + ω
2
c2
n2 − n
2
c2
∂2
∂t2
+
2i
(
ω − iαk2
)
c2
n2
∂
∂t
(8)
+
iαkω − α2k/4
c2
n2 + iωµ0σ + µ0σ
∂
∂t
}Eaak(t)| ~ψk(~r)〉
= −µ0
(
ω − iαk
2
)2
~Pk + 2iµ0
(
ω − iαk
2
) ∂ ~Pk
∂t
+ µ0
∂2 ~Pk
∂t2
.
Because of SVEA, ω  αk, ωPk  ∂Pk∂t , and ωak 
∂ak
∂t . Also, if we ignore the effect of the nonlinearity on
the dispersion and if we assume that ω = ωk+δωk where
ωk  δωk, we can assume
(
∇2 + ω
2
k
c2 n
2
)
| ~ψk(~r)〉 ≈ 0.
With these approximations, the wave equation is simpli-
fied to:
{2iωn
2
c2
∂
∂t
+ iωµ0σak (9)
+
(2δωk + iαk)ωn
2
c2
}Eaak(t)|~ψk(~r)〉 = −µ0ω2 ~Pk.
Dividing the both sides by 2iωn2/c2, we reach:
{ ∂
∂t
+
µ0σc
2
2
− iδωk +
αk
2
}Eaak(t)|~ψk(~r)〉 =
iµ0ωc
2
2n2
~Pk.
(10)
We first implement the nonlinear dynamics to esti-
mate the threshold in single-mode OPOs. Then, we
extend our model when the cavity has multiple modes
at the signal wavelength. We also applies our model
for second-harmonic generation, we show that if the
second-harmonic signal is single-mode, we can estimate
the threshold from SHG efficiency. This can be helpful
to estimate the OPO threshold for the structures which
have already been proposed for SHG.
HALF-HARMONIC GENERATION
By writing the nonlinear polarization, we can find the
nonlinear dynamics for different nonlinear processes (e.g.
second-harmonic generation and half-harmonic genera-
tion). Here, we focus on the threshold for half-harmonic
generation in degenerate OPOs. For simplicity, we ignore
the ohmic loss of the modes.
The coupled nonlinear wave equation for signal and
pump can be written as:
∑
k
{ ∂
∂t
− iδω(a)k +
α
(a)
k
2
}ak(t)|~ψ(a)k (~r)〉 (11)
=
∑
k
iω
2n(ω)2
χ(2)(2ω, ω, ω)Ebb(t)a∗k(t)|~Ψ(b)(~r)|~ψ
(a)∗
k (~r)〉,
{ ∂
∂t
− iδω(b) + α
(b)
2
}b(t)|~Ψ(b)(~r)〉 (12)
=
∑
k
iω
n(2ω)2
χ(2)(2ω, ω, ω)
E2a
Eb
a2k(t)|~ψ
(a)2
k (~r)〉.
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We have defined the electric field for the sig-
nal at the fundamental harmonic as ~Eω =
Ea
∑
ak(t)e
−i(ω−i 12α
(a)
k )t|~ψ(a)k (~r)〉, where |~ψ
(a)
k (~r)〉
are the eigenmodes of the cavity at ω = ωk
with decay constant of α
(a)
k . The electric field
for the pump at second-harmonic is defined as
~E2ω = Ebe−i(2ω−
1
2α
(b))tb(t)|~Ψ(b)(~r)〉, where |~Ψ(b)(~r)〉
is the spatial mode profile of the pump normalized such
that 〈~Ψ(b)(~r)~Ψ(b)(~r)〉 = 1 but, as we explain later, it
does not have to be the eigenmode of the cavity and it
can be an embedded eigenmode of the cavity, such as
Fano, anapole, or bound-state in the continuum modes,
b(t) is the envelope of the pump such that |b|2 is the
pump power, and α(b) is the decay rate for the pump
mode.
A. Single-mode cavity
If |~ψ(a)k (~r)〉 is the only mode of the cavity at the oper-
ating frequency, by multiplying the both sides of Eqs. 11
and 12 by 〈~ψ(a)k (~r)| and 〈~Ψ(b)(~r)|, respectively, and calcu-
lating the inner product, the coupled equations are sim-
plified to:
d
dt
ak =
(
iδω
(a)
k −
α
(a)
k
2
)
ak + iηkkba
∗
k, (13)
d
dt
b =
(
iδω(b) − α
(b)
2
)
(b− b0) + i2η∗kka2k, (14)
where b0 is the pump amplitude in the absence of the
nonlinearity and ηlk is the effective nonlinear coupling
defined as:
ηlk = ω〈
Ebχ(2)
n(ω)2
~ψ
(a)∗
l (~r)
~Ψ(b)(~r)~ψ
(a)∗
k (~r)〉. (15)
Near the OPO threshold, we can assume that the pump
is not depleted (b = b0). Above threshold, Eqs. 13
and 14 must be solved simultaneously. The steady-state
amplitude of the signal is the solution of Eq. 13 when
dak/dt = 0. There are two solutions: one of them is the
trivial solution, ak = 0, which represents the OPO below
the threshold; the nontrivial solution which represents
the OPO at threshold. This requires that the amplitude
and phase of the pump satisfy these conditions:
|ηkkb0| sin (φb − 2φk) =
α
(a)
k
2
, (16)
|ηkkb0| cos (φb − 2φk) = −δω(a)k ,
where φk and φb are the phase of the signal mode and
the pump mode, respectively. As far as the threshold
power is concerned, the above equation can be written in
a more compact form [28, 30]:
|b0|2 =
1
|ηkk|2
α(a)k 2
4
+ δω
(a)
k
2
 . (17)
If there is only one coupling channel between the input
source and the cavity mode at the pump frequency, in the
weak coupling regime (Qk  1), the coupling between
the input source and the pump cavity mode in the steady-
state can be written as [30]:
|b0|2 =
α(b)
α(b)2
4 + δω
(b)2
Pin. (18)
Hence, the threshold for the input source to go above
threshold is:
Pth =
1
α(b)|ηkk|2
α(a)k 2
4
+ δω
(a)
k
2
(α(b)2
4
+ δω(b)
2
)
.
(19)
If there are more than one coupling channel between the
input and the cavity, such as the excitation from the
free-space, Eq. 19 is not accurate, and the coupling be-
tween the input power and the pump mode amplitude, b0,
should be derived from the linear analysis of the cavity
at the pump frequency.
B. Multi-mode cavity
For wavelength-scale cavities, the quality factor of the
modes are usually low. Hence, at operating wavelength
more than one can resonate. If the cavity is multi-mode
at the operating wavelength, by multiplying the both
sides of Eq. 11 by 〈~ψ(a)l (~r), the coupled equation is sim-
plified to:
d
dt
al =
(
iδω
(a)
l −
α
(a)
l
2
)
al + ib
∑
k
ηlka
∗
k. (20)
The steady-state response of this equation can be written
in a matrix form as:
M(b) [a1, a∗1, ..., ak, a∗k, ...]
T
= 0. (21)
At threshold, the determinant of the matrixM must be
zero to have non-trivial solution for the signal modes.
~Eω(~r, t) =
∑
m
eλmt
∑
k
a
(a)
k,m|~ψ
(a)
k (~r)〉, (22)
where [λm] are the eigenvalues and [a
(a)
k,m] are the cor-
responding eigenvectors of M at threshold, which must
be real to satisfy the phase conjugation in Eq. 20. The
OPO threshold is the minimum pump power for which
the largest eigenvalue of the matrix surpasses zero. Near
the threshold, that is the only oscillating mode and the
eigenvector correspond to that eigenvector describes the
spatial distribution of the signal. The phase difference
between each mode of the pulse and the pump is set au-
tomatically to achieve the minimum threshold. There is
8
no closed form solution for the eigenvalue if the qual-
ity factors of the modes or the central frequencies of all
modes are not the same. However, in the best case sce-
nario where all the modes have similar nonlinear coupling
coefficient and quality factor, the threshold is reduced by
a factor which is the number of modes.
SECOND-HARMONIC GENERATION
We can implement the same approach for calculating
the SHG in cavities. However, for SHG, we have to ex-
pand the second-harmonic mode into the eigenmodes of
the cavity while the pump input at fundamental har-
monic can be an embedded mode of the cavity. If we
ignore the back conversion, the nonlinear dynamic for
SHG process can be written as:
∑
k
{ ∂
∂t
− iδω(bk) +
α
(b)
k
2
}bk(t)|~ψ(b)k (~r)〉 (23)
=
iω
n2
χ(2)(2ω, ω, ω)a2(t)|~Ψ(a)(~r)〉2.
By multiplying the both sides by 〈~ψ(b)k |. Eq. 23 is simpli-
fied to:
d
dt
bk =
(
iδω
(b)
k −
α
(b)
k
2
)
bk + i2η̃
∗
ka
2, (24)
where η̃k = ω〈E χ
(2)
n2
~Ψ(a)
∗
(~r)2 ~ψ
(b)
k (~r)〉. If we assume
that the pump is constant (a(t) = a0), the steady-state
second-harmonic generated power is:
|bk|2 =
4η̃2k
α
(b)
k
2
4 + δω
(b)
k
2
|a0|4 (25)
If there is only one coupling channel between the input
and the cavity mode at the fundamental frequency, the
cavity mode amplitude can be written as the input power
as:
|a0|2 =
α(a)
α(a)2
4 + δω
(a)2
Pin, (26)
|bk|2 =
α
(b)
k
α
(b)
k
2
4 + δω
(b)
k
2
PSHG,k.
By inserting Eq. 26 in to Eq. 25, the second-harmonic
power can be expressed as PSHG,k = εSHG,kP
2
in, where
εSHG is the SHG efficiency in the unit of W
−1 written as:
εSHG,k =
4η̃2kα
(a)2
α
(b)
k
(
α(a)2
4 + δω
(a)2
)2 . (27)
If the cavity is single mode at both the fundamental and
second harmonic, η̃k = ηkk. This allows us to connect
the SHG efficiency to the nonlinear coupling coefficient.
Hence, by knowing the linear response of the cavity and
SHG efficiency, we can derive the OPO threshold by in-
serting Eq. 27 into Eq. 19:
Pth =
4α(a)
2
α(b)
2
εSHG
(
α(b)
2
4 + δω
(b)2
α(a)2
4 + δω
(a)2
)
≈ 4
εSHG
. (28)
OPO IN SPHERICAL DIELECTRIC PARTICLE
The nonlinear coupling (Eq. 15) for the particle in Fig.
3 in the main text is calculated as:
|ηlk| = 1010 ×
0.1695 0.3295 0.2712 0.24600.3295 0.2082 0.3362 1.95190.2712 0.3362 0.0466 0.4945
0.2460 1.9519 0.4945 0.1338
 (29)
The modes are ordered as: ED, EQ, MD, and MQ.
If we ignore intermode coupling, the threshold for these
modes are: 3.92, 17.94, 219.76, and 2.23 MW, respec-
tively. However, due to the strong intermode coupling,
especially between EQ and MQ, the threshold is reduced
50-fold as shown in Fig. 3 in the main text. The super-
modes are the eigenvectors ofM(b) at thresholds, which
are calculated as:
|~V1| =
[
0.0260 0.0120 0.0350 0.6297
]
(30)
|~V2| =
[
0.0433 0.0391 0.0507 0.6073
]
|~V3| =
[
0.0756 0.3891 0.5942 0.1184
]
|~V4| =
[
0.0369 0.4674 0.4829 0.1605
]
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[30] A. Rodriguez, M. Soljačić, J. D. Joannopoulos, and S. G.
Johnson, Optics express 15, 7303 (2007).
[31] S. Jahani and Z. Jacob, Nature nanotechnology 11, 23
(2016).
[32] A. I. Kuznetsov, A. E. Miroshnichenko, M. L.
Brongersma, Y. S. Kivshar, and B. Lukyanchuk, Science
354, aag2472 (2016).
[33] D. G. Baranov, D. A. Zuev, S. I. Lepeshov, O. V. Kotov,
A. E. Krasnok, A. B. Evlyukhin, and B. N. Chichkov,
Optica 4, 814 (2017).
[34] A. Krasnok, M. Tymchenko, and A. Alù, Materials To-
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